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SMOOTH APPROXIMATIONS IN PL GEOMETRY
JOSE´ F. FERNANDO AND RICCARDO GHILONI
Abstract. Let Y Ă Rn be a triangulable set and let r be either a positive integer or r “ 8.
We say that Y is a C r-approximation target space, or a C r-ats for short, if it has the following
universal approximation property: For each m P N and each locally compact subset X of Rm,
any continuous map f : X Ñ Y can be approximated by C r maps g : X Ñ Y with respect to
the strong C 0 Whitney topology. Taking advantage of new approximation techniques we prove:
if Y is weakly C r triangulable, then Y is a C r-ats. This result applies to relevant classes of
triangulable sets, namely: (1) every locally compact polyhedron is a C8-ats, (2) every set that
is locally C r equivalent to a polyhedron is a C r-ats, and (3) every locally compact locally
definable set of an arbitrary o-minimal structure is a C 1-ats (this includes locally compact
locally semialgebraic sets and locally compact subanalytic sets). In addition, we prove: if Y
is a global analytic set, then each proper continuous map f : X Ñ Y can be approximated by
proper C8 maps g : X Ñ Y . Explicit examples show the sharpness of our results.
1. Introduction, main theorems, and corollaries
Approximation is a tool of great importance in many areas of mathematics. It allows to
understand objects and morphisms of a certain category taking advantage of the corresponding
properties of objects and morphisms in other categories that enjoy a better behavior and are
dense inside the one we want to study.
In the geometrical context a remarkable example of an approximation result with thousand
of applications concerns Whitney’s approximation theorem for continuous maps whose target
space is a C r manifolds Y for either a positive integer r or r “ 8. Such result can be used for
instance to prove the existence of a unique C ω manifold structure on each differentiable manifold
of class C r for either a positive integer r or r “ 8 (see [H3]).
This paper deals with the problem of approximating continuous maps by differentiable maps
when the target space Y Ă Rn may have ‘singularities’. Actually, we require that Y is at least
triangulable.
The special case when the target space Y Ă Rn is a Nash set was already treated by Coste,
Ruiz and Shiota in [CRS1]. In fact, they approximate real analytic maps on a compact Nash
manifolds by a very restrictive class of approximating functions, the so-called Nash functions,
see [BCR, Ch.8]. Recall that a function f : Rn Ñ R is Nash if it is real analytic and algebraic
over the real polynomials, that is, there exists a non-zero polynomial P P Rrx1, . . . , xn, ys such
that P px, fpxqq for each x P Rn. In addition, Y Ă Rn is a Nash set if there exist a Nash function
f on Rn such that Y “ tf “ 0u. A Nash set X Ă Rm that is in addition a smooth manifold
is called a Nash manifold. The Nash maps f : X Ñ Y are the restrictions to X of Nash maps
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F : Rm Ñ Rn such that F pXq Ă Y . The authors proved in [CRS1, Thm 0.0] a global version of
Artin’s approximation theorem [Ar], which implies the following:
Theorem 1 ([CRS1]). Let Y Ă Rn be a Nash set and let X Ă Rm be any compact Nash
manifold. Then every real analytic map f : X Ñ Y can be uniformly approximated by (real)
Nash maps g : X Ñ Y .
The proof of the previous theorem is based on a deep result on commutative algebra: the
so-called general Ne´ron desingularization, see the survey [CRS2] for further reference. Lempert
proved in [Le] the counterpart of Theorem 1 for the complex setting taking advantage again of
the general Ne´ron desingularization:
Theorem 2 ([Le]). Let Y Ă Cn be a complex algebraic set and let X be any holomorphically
convex compact subset X of a complex algebraic subset of Cm. Then every holomorphic map
f : X Ñ Y can be uniformly approximated by complex Nash maps g : X Ñ Y .
In [BP] the authors provide a simpler proof of the previous statement based on strategies
with a more geometric flavor.
Our main results in this work (Theorems 5 and 12) are of a different nature. We show: if
Y Ă Rn belongs to a wide class of triangulable sets including differentiable manifolds, polyhedra,
semialgebraic sets, definable sets of an o-minimal structure and subanalytic sets, then Y enjoys
the following approximation property as target space: Let X Ă Rm be any locally compact
set. Then each continuous map f : X Ñ Y can be approximated by arbitrarily close C r maps
g : X Ñ Y for either suitable positive integers r or r “ 8, with respect to the strong C 0 topology
of the space C 0pX,Y q. When Y is a locally compact polyhedron this approximation is always
possible by mean of C8 maps. Our proofs introduce new approximation strategies that make
use of a variant of Zeeman’s relative simplicial approximation theorem, a ‘shrink-widen’ covering
and approximation technique, and C r weak retractions.
In the literature there are many celebrated results concerning the existence of obstructions to
approximate homeomorphisms between differentiable manifolds by diffeomorphisms. This ob-
struction theory is a central topic in differential topology, which was mainly developed by names
like Milnor, Thom, Munkres and Hirsch in the fifties and sixties [H1, H2, Mi1, M1, M2, M3, Th].
We refer the reader also to [DP, HM, IKO, MP, Mu] for some recent developments. Additional
obstructions where found by Milnor in [Mi2] when he constructed two homeomorphic compact
polyhedra which are not PL homeomorphic. Our results state that there are no obstructions
to approximate continuous maps f : X Ñ Y by differentiable maps g : X Ñ Y when Y ad-
mits a ‘good’ triangulation. Of course, one cannot expect that the approximating map g is
a diffeomorphism or a PL homeomorphism if the map f that we want to approximate is a
homeomorphism.
1.A. Weakly C r triangulable sets. We assume in the whole article that every subset of Rn
is endowed with the relative Euclidean topology (where n P N :“ t0, 1, 2, . . .u).
Let Y Ă Rn be a (non-empty) set. We say that Y is triangulable if it is homeomorphic to a
locally compact polyhedron of some Rq. A locally compact polyhedron of Rq is defined as the
realization |L| of a locally finite simplicial complex L of Rq. For related notions concerning
simplicial complexes we refer the reader to [Hu, M4].
LetX Ă Rm be a (non-empty) locally compact set and let C 0pX,Y q be the set of all continuous
maps from X to Y . We endow C 0pX,Y q with the strong (Whitney) C 0 topology. A fundamental
system of neighborhoods of f P C 0pX,Y q in such a topology is given by the sets
N pf, εq “
 
g P C 0pX,Y q : }gpxq ´ fpxq}n ă εpxq @x P X
(
,
where } ¨ }n denotes the Euclidean norm of R
n and ε : X Ñ R` :“ tt P R : t ą 0u is any strictly
positive continuous functions on X.
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Denote N˚ :“ Nzt0u the set of all positive integers and fix r P N˚ Y t8u. A map g : X Ñ Y
is a C r map if there exist an open neighborhood U Ă Rm of X (in which X is closed) and a
differentiable map G : U Ñ Rn of class C r (in the standard sense) such that gpxq “ Gpxq for
each x P X. Denote C rpX,Y q the subspace of C 0pX,Y q of all C r maps from X to Y .
Definition 3. A triangulable set Y Ă Rn is a C r-approximation target space or a C r-ats for
short if the subspace C rpX,Y q is dense in the space C 0pX,Y q for each locally compact subset
X of each Euclidean space Rm, where m P N.
If Y Ă Rn is a C r-ats and X Ă Rm is an arbitrary locally compact set, then C rpX,Y q is not
only dense in C 0pX,Y q but it is also ‘homotopically dense’ in C 0pX,Y q in the following sense:
for each f P C 0pX,Y q and each strictly positive continuous function ε : X Ñ R` there exists
g P N pf, εq X C rpX,Y q that is homotopic to f . This follows immediately form the fact that all
the triangulable sets Y Ă Rn are absolute neighborhood retracts [Ha, Cor.3.5].
In this work we analyze when a triangulable set Y Ă Rn is a C r-ats. Classical examples of
C r-ats are the C r submanifolds of Euclidean spaces. Indeed, if Y is any C r submanifold of Rn,
then it is triangulable (C r triangulable indeed) by Cairns-Whitehead’s triangulation theorem
[Ca]. In addition, by Whitney’s approximation theorem one can approximate each continuous
map f : X Ñ Y by an arbitrarily close C r map g˚ : X Ñ Rn and then one can use a C r tubular
neighborhood ρ : U Ñ Y of Y in Rn to define the C r map g : X Ñ Y, x ÞÑ gpxq “ ρpg˚pxqq
arbitrarily close to f in the strong C 0 topology of C 0pX,Y q.
If Y Ă Rn is an arbitrary triangulable set, a serious difficulty arises: Y does not have C r
tubular neighborhoods in Rn (recall that r ě 1)! A significant example is the C r triangulable
set Y :“ txy “ 0u Ă R2. If there were a C 1 retraction ρ : U Ñ Y , then d0ρ would be the
identity on R2 and the origin should be an interior point of Y by the inverse function theorem,
which is a contradiction. In order to overcome this problem concerning the lack of C r tubular
neighborhoods, we introduce the key concept of weakly C r triangulable set.
Definition 4. Let Y Ă Rn be a set and let r P N˚Yt8u. We say that Y is weakly C r triangulable
if there exist a locally finite simplicial complex L of some Rq and a homeomorphism Ψ : |L| Ñ Y
such that the restriction Ψ|ξ : ξ Ñ Y is a C
r map for each simplex ξ P L.
Our first main result reads as follows.
Theorem 5. Fix r P N˚ Y t8u. Then every weakly C r triangulable set is a C r-ats.
A natural matter that arises from the preceding statement is to reveal large families of weakly
C r triangulable sets. A first relevant example is the family of locally compact polyhedra itself.
Indeed, each locally compact polyhedron is weakly C8 triangulable by definition. Consequently:
Corollary 6. Every locally compact polyhedron is a C8-ats.
Let Y Ă Rn be a triangulable set, let L be a locally finite simplicial complex of some Rq and
let Ψ : |L| Ñ Y be a homeomorphism between the realization |L| of L and Y . Given w P L the
star Stpw,Lq of w in L is the set of all simplices of L that contain w.
Fix r P N˚ Y t8u. Recall that Y Ă Rn is said to be C r triangulable if there exists a
homeomorphism Ψ : |L| Ñ Y between the realization |L| of a locally finite simplicial complex of
some Rq and Y such that:
‚ the restriction Ψ|ξ : ξ Ñ Y is a C
r map for each simplex ξ of L and
‚ the map dΨw : |Stpw,Lq| Ñ R
n, y ÞÑ dpΨ|ξqwpy ´ wq (where ξ P Stpw,Lq and y P ξ) is
a homeomorphism onto its image for each w P L.
Every C r triangulable set is weakly C r triangulable by definition. For further reference con-
cerning C r triangulations see for instance [Ca], [M4, §II.8] and [Sh, §.I.3, pg. 72-94].
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A set T Ă Rp is called locally C r equivalent to a polyhedron, or locally C r polyhedral for
short, if for each point x P T there exist two open neighborhoods U and V of x in Rp, a C r
diffeomorphism φ : U Ñ V and a locally compact polyhedron P of Rp such that x P P and
φpU X T q “ V X P . In [Sh, Prop.I.3.13] Shiota proved that every locally C r polyhedral set is
C r triangulable. We deduce:
Corollary 7. Let r P N˚Yt8u be fixed arbitrarily. Then every C r triangulable set is a C r-ats.
In particular, every locally C r polyhedral set is a C r-ats.
A well-known family of locally C r polyhedral sets arises when considering subsets X of a C r
submanifold M of dimension d of some Rp with the following property: for each point x P X
there exists an open neighborhood W ĂM of x endowed with a C r diffeomorphism ϕ :W Ñ Rd
that maps x to the origin and satisfies that ϕpX XW q is a union of coordinate linear subspaces
of Rd. Inside the preceding family appears unions of locally finite families of C r submanifolds
of M that meet transversally (in the preceding sense). Sets obtained in this way are called sets
with (only) C r monomial singularities [BFR, FGR]. A particular case concerns C r normal-
crossing divisors, that is, unions of locally finite families of C r hypersurfaces of M that meet
transversally.
A very relevant class of triangulable sets is certainly the one of subanalytic sets, which includes
semialgebraic sets. See [BCR, BM1, Sh] for basic facts concerning the geometry of these sets.
Let us recall the main definitions.
A set Y Ă Rn is semialgebraic if it admits a description as a finite Boolean combination of
polynomial equalities and inequalities. The set Y is called locally semialgebraic if the intersection
Y XB is semialgebraic for each compact ball B of Rn.
Let U Ă Rn be an open set. A set Y Ă U is analytic if for each point x P U there exists an
open neighborhood V Ă U of x such that Y X V “ tf1 “ 0, . . . , fr “ 0u “ tf
2
1 ` ¨ ¨ ¨ ` f
2
r “ 0u
for some real analytic functions fi P C
ωpV q. More generally, a set Y Ă U is semianalytic if
for each point x P U there exists an open neighborhood V Ă U of x such that Y X V is a
finite Boolean combination of real analytic equalities and inequalities on V . The subanalytic
sets are roughly speaking the images of semianalytic sets under proper real analytic maps. More
precisely, Y Ă U is a subanalytic set if there exist an open subset W of some Rp, a real analytic
map f :W Ñ U and a semianalytic set T ĂW such that the restriction f |ClW pT q : ClW pT q Ñ U
is proper and fpT q “ Y . Here ClW pT q is the closure of T in W . Locally semialgebraic sets are
semianalytic and hence subanalytic.
The Hironaka-Hardt triangulation theorem [Hi, Hr] asserts that each locally finite family
Y :“ tYiuiPI of subanalytic subsets of R
n is ‘triangulable of class C ω on open simplices’ in the
following sense [Hr, Thms.1 & 2]: there exist a locally finite simplicial complex L of some Rq
and a homeomorphism Ψ : |L| Ñ Rn such that:
‚ the image Ψpξ0q of each open simplex ξ0 of L is a C ω submanifold of Rn,
‚ each restriction Ψ|ξ0 : ξ
0 Ñ Ψpξ0q is a C ω diffeomorphism.
‚ each subanalytic set Yi is the (disjoint) union of some of the images Ψpξ
0q.
Unfortunately, this result does not ensure that a subanalytic subset Y of Rn is weakly C r
triangulable for some r P N˚ Y t8u.
The weakly C r triangulability of semialgebraic and subanalytic sets is not yet known for
r ě 2. However, the situation is completely different for r “ 1. Indeed, in [OS] the authors have
proved recently that every locally compact locally semialgebraic set Y has a triangulating home-
omorphism Ψ : |L| Ñ Y such that Ψ P C 1p|L|, Y q. In particular, Y is weakly C 1 triangulable.
See [CP] for further information concerning the regularity of Ψ.
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As it is commented by the authors of [OS] in the first paragraph of the introduction, it is
straightforward to check that the techniques developed in [OS] extend to the subanalytic case. It
turns out that locally compact subanalytic sets are weakly C 1 triangulable as well. We deduce:
Corollary 8. Every locally compact subanalytic set is a C 1-ats. In particular, each locally
compact locally semialgebraic set is a C 1-ats.
Let us recall next the definition of o-minimal structure.
Definition 9. An o-minimal structure (on the field R) is a collection S :“ tSnunPN˚ of families
of subsets of Rn satisfying:
‚ Sn contains all the algebraic subsets of R
n.
‚ Sn is a Boolean algebra.
‚ If A P Sm and B P Sn, then AˆB P Sm`n.
‚ If π : Rn ˆ RÑ Rn is the natural projection and A P Sn`1, then πpAq P Sn.
‚ S1 consists precisely of all the finite unions of points and intervals of any type.
The elements of
Ť
nPN˚ Sn are called definable sets of S. As a consequence of Tarski-
Seidenberg theorem, semialgebraic sets constitute an o-minimal structure, which is in fact con-
tained in each o-minimal structure. The collection of ‘global’ subanalytic sets is precisely the
collection of definable sets in the remarkable o-minimal structure Ran, see [W]. We refer the
reader to [vD, vdDM] for further information on the celebrated theory of o-minimal structures.
As in the semialgebraic case, we say that a set Y Ă Rn is a locally definable set of S if the
intersection Y XB is a definable set of S for each compact ball B of Rn.
Also in the o-minimal setting it is straightforward to adapt the constructions developed in
[OS, CP] to show that every locally compact locally definable sets of any o-minimal structure
is weakly C 1 triangulable (see the first paragraph of the introduction of [OS]). We deduce the
following extension of Corollary 8:
Corollary 10. Every locally compact locally definable set of an arbitrary o-minimal structure
is a C 1-ats.
1.B. C-analytic sets. Now, we focus on a quite significant subclass of subanalytic sets, the one
of C-analytic sets (also known as global analytic sets). We do not know if C-analytic sets are
weakly C r triangulable for some r ě 2, but we develop an alternative approximation strategy
to prove in Theorem 12 an analogous result to Theorem 5 under the additional assumption that
the involved maps are proper.
Let U Ă Rn be an open set. A set Y Ă U is said to be a C-analytic subset of U if there exist
finitely many global real analytic functions f1, . . . , fr P C
ωpUq such that
Y “ tf1 “ 0, . . . , fr “ 0u “ tf
2
1 ` ¨ ¨ ¨ ` f
2
r “ 0u.
By the term C-analytic set we mean a C-analytic subset of an open subset of some Rn. Real
algebraic sets and Nash sets are particular examples of C-analytic sets.
Let X Ă Rm be a locally compact set, let Y Ă Rn be a set and let C 0˚ pX,Y q be the set of
all proper continuous maps from X to Y endowed with the relative topology inherited from the
strong C 0 topology of C 0pX,Y q. We define C r˚ pX,Y q :“ C
rpX,Y qXC 0˚ pX,Y q for r P N
˚Yt8u.
Definition 11. Fix r P N˚Yt8u. We say that a triangulable set Y Ă Rn is a C r˚ -approximation
target space or a C r˚ -ats for short if the subspace C
r
˚ pX,Y q is dense in the space C
0
˚ pX,Y q for
each locally compact subset X of each Euclidean space Rm, where m P N.
Our second main result reads as follows.
Theorem 12. Every C-analytic set is a C8˚ -ats.
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1.C. Sharpness. The results presented above provide families of triangulable sets Y Ă Rn for
which C rpX,Y q is dense in C 0pX,Y q where r P N˚ Y t8u and X Ă Rm is an arbitrary locally
compact set. If s ě 1 is any positive integer such that s ă r, one may ask whether C rpX,Y q
is also dense in C spX,Y q at least in the case X is a C s submanifold of Rm, where C spX,Y q is
endowed with the relative topology induced by the strong (Whitney) C s topology of C spX,Rnq
via the natural inclusion C spX,Y q Ă C spX,Rnq.
The following example points out that there is no hope to obtain general statements if s ą 0.
Example 13. Let X :“ tpx, yq P R2 : x2 ` y2 “ 1u be the standard circle, let s P N˚ and let
Y :“ tpx, y, zq P X ˆ R : z3 ´ y3s`1 “ 0u. Note that Y is not a C s`1 submanifold of R3.
Consider the C s map f : X Ñ Y , px, yq ÞÑ px, y, ys`1{3q. Such a map cannot be C 1 ap-
proximated (and hence C s approximated) by maps in C s`1pX,Y q. Suppose on the contrary
that there exists a C s`1 map g :“ pg1, g2, g3q : X Ñ Y arbitrarily close to f in the strong C
1
topology. Thus, g˚ :“ pg1, g2q : X Ñ X is arbitrarily C
1 close to the identity map on X, hence
g˚ is a C s`1 diffeomorphism by the inverse function theorem. As g3 “ g
s`1{3
2 , it follows that
pg3 ˝ g
´1
˚ qpx, yq “ y
s`1{3 is a C s`1 function on X, which is a contradiction. Indeed, such a
function is not of class C s`1 locally at p˘1, 0q. This proves that C s`1pX,Y q is not dense in
C spX,Y q. ‚
If s “ 0, it is also sharp our choice r P N˚ Y t8u, that is, we cannot choose in general r “ ω.
Example 14. Let Y :“ txy “ 0u Ă R2 and let f : R Ñ Y be the continuous map defined by
fptq :“ p0, tq if t ă 0 and fptq :“ pt, 0q if t ě 0. Then f cannot be approximated by real analytic
maps g “ pg´, g`q : R Ñ Y . Otherwise g˘ would be a real analytic function on R vanishing
identically locally at ˘8 and nowhere zero locally at ¯8, which is impossible by the principle
of analytic continuation. The reader may compare this ‘negative’ example with the ‘positive’
approximation theorem [BFR, Thm.1.7], which is a key result for the proof of the main theorem
of [Fe]. ‚
Similar examples appeared in our manuscript [FG].
1.D. An unexpected by-product. The techniques involved in the proof of Theorem 5 reveal
another approximation property of each locally compact polyhedron P that has interest by its
own. We fix a convention: The set C 0pP,R`q of strictly positive continuous functions on P is
endowed with the partial ordering ě defined by ε ě δ if εpwq ď δpwq for each w P P . Note that
C 0pP,R`q is a directed set with such an ordering.
Corollary 15. Let K be a locally finite simplicial complex of Rp and let P :“ |K| Ă Rp be its
underlying locally compact polyhedron. Then there exists a net tιεuεPC 0pP,R`q in C
8pP,P q that
depends only on K, converges in the Moore-Smith sense to the identity map on P in C 0pP,P q
and satisfies the following universal property:
p˚q Let r P N˚ Y t8u, let Y Ă Rn be any weakly C r triangulable set and let f P C 0pP, Y q be
such that f |σ P C
rpσ, Y q for each σ P K. Then the net tf ˝ ιεuεPC 0pP,R`q converges in the
Moore-Smith sense to f in C 0pP, Y q and each composition f ˝ ιε belongs to C
rpP, Y q.
Remark 16. If in the preceding statement K is a finite simplicial complex, the net tιεuεPC 0pP,R`q
can be replaced by a sequence tιkukPN in C
8pP,P q with the same universal property.‚
1.E. Structure of the article. In Section 2 we collect a couple of preliminary results concern-
ing spaces of continuous maps. In the first part of Section 3 we present our variant of Zeeman’s
relative approximation theorem and our ‘shrink-widen’ covering and approximation technique.
In the second part we combine these results with the ones in Section 2 to prove Theorem 5. We
provide also the proof of Corollary 15. Section 4 is devoted to prove Theorem 12, which involves
SMOOTH APPROXIMATIONS IN PL GEOMETRY 7
the proof of the existence of C r weak retractions and the immersion of C-analytic sets as sin-
gular sets of coherent C-analytic sets homeomorphic to Euclidean spaces. Weaker and purely
semialgebraic versions of some results presented in this article appeared in our manuscript [FG].
2. Preliminaries on spaces of continuous maps
In this short section we collect a couple of results useful for the sequel. First we fix two
notations we will use freely throughout the manuscript. Let S, T Ă Rq be such that S Ă T .
Denote respectively ClT pSq and IntT pSq the closure of S in T and the interior of S in T . The
following result is well-known and its proof follows straightforwardly from [H3, §2.5. Ex.10, pp.
64-65] using standard arguments.
Lemma 17. Let X Ă Rm, X 1 Ă Rm
1
, Y Ă Rn and Y 1 Ă Rn
1
be locally compact sets, let
f : Y Ñ Y 1 be an arbitrary continuous map and let g : X Ñ X 1 be a proper continuous map.
Then the maps
f˚ : C
0pX,Y q Ñ C 0pX,Y 1q, h ÞÑ f ˝ h and g˚ : C 0pX 1, Y q Ñ C 0pX,Y q, h ÞÑ h ˝ g
are continuous.
As a consequence, we deduce:
Corollary 18. Let X Ă Rm and Y Ă Rn be locally compact sets. Then there exist closed subsets
X 1 of Rm`1 and Y 1 of Rn`1 such that:
‚ X 1 is homeomorphic to X and Y 1 is homeomorphic to Y ,
and the following property holds for each r P N˚ Y t8u:
‚ C rpX,Y q is dense in C 0pX,Y q if and only if C rpX 1, Y 1q is dense in C 0pX 1, Y 1q.
In addition, if Y is a C-analytic subset of some open subset U of Rn, then there exists also a
C-analytic subset Y 2 of R2n`1 homeomorphic to Y such that C8˚ pX,Y q is dense in C
0
˚ pX,Y q if
and only if C8˚ pX
1, Y 2q is dense in C 0˚ pX
1, Y 2q.
Proof. As X Ă Rm and Y Ă Rn are locally compact (or equivalently locally closed) sets, the
differences ClRmpXqzX and ClRnpY qzY are respectively closed in R
m and in Rn. Let θ : Rm Ñ R
and ξ : Rn Ñ R be C8 functions such that θ´1p0q “ ClRmpXqzX and ξ
´1p0q “ ClRnpY qzY .
Define X 1 :“ tpx, tq P X ˆR : t “ 1{θpxqu and Y 1 :“ tpy, tq P Y ˆR : t “ 1{ξpyqu, and consider
the homeomorphisms Θ : X 1 Ñ X and Ξ : Y Ñ Y 1 given by Θpx, tq :“ x and Ξpyq :“ py, 1{ξpyqq.
The sets X 1 and Y 1 are respectively closed in Rm`1 and in Rn`1. By Lemma 17 the map
H : C 0pX,Y q Ñ C 0pX 1, Y 1q given by H :“ Θ˚ ˝ Ξ˚ is a homeomorphism. As Θ, Θ
´1, Ξ and
Ξ´1 are C8 maps, we deduce HpC rpX,Y qq “ C rpX 1, Y 1q for each r P N˚ Y t8u, so the first
part of the statement is proved.
Let us prove the second part. By Whitney’s embedding theorem for the real analytic case
[Na, 2.15.12], there exists a real analytic embedding ϕ : U Ñ R2n`1 such that M :“ ϕpUq is a
closed real analytic submanifold of R2n`1. By Cartan’s Theorem B real analytic functions on
M are restrictions to M of real analytic functions on R2n`1. Thus, Y 2 :“ ϕpY q is a C-analytic
subset of R2n`1. Denote Φ : Y Ñ Y 2 the restriction of ϕ from Y to Y 2, and H 1 : C 0pX,Y q Ñ
C 0pX 1, Y 2q the homeomorphism H 1 :“ Θ˚ ˝ Φ˚. We conclude H
1pC 0˚ pX,Y qq “ C
0
˚ pX
1, Y 2q and
H 1pC8˚ pX,Y qq “ C
8
˚ pX
1, Y 2q, as required. 
Remark 19. Let X Ă Rm and let Y Ă Rn be (non-empty) sets such that X is locally compact.
Consider a locally finite covering tCℓuℓPL of X by non-empty compact sets, and a family tεℓuℓPL
of positive real numbers. Making use of a suitable C 0 partition of unity on X, one shows the
existence of a strictly positive continuous function ε : X Ñ R` such that maxCℓpεq ď εℓ for each
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ℓ P L. This implies that a fundamental system of neighborhoods of f P C 0pX,Y q for the strong
C 0 topology of C 0pX,Y q is given by the sets
N pf, tCℓuℓPL, tεℓuℓPLq :“ tg P C
0pX,Y q : }gpxq ´ fpxq}n ă εℓ @ℓ P L, @x P Cℓu,
where tCℓuℓPL runs over the locally finite coverings of X by non-empty compact sets, and tεℓuℓPL
runs over the families of positive real numbers with the same set L of indices. ‚
3. Proofs of Theorem 5 and Corollary 15
In this section we develop first all the machinery we need to prove Theorem 5:
‚ a variant of Zeeman’s relative simplicial approximation theorem (that appears in §3.A),
‚ a ‘shrink-widen’ covering and approximation technique (that appears in §3.B),
and after we approach its proof (see §3.C). Finally, we prove Corollary 15 (see §3.D). A weaker
‘finite’ version of the ‘shrink-widen’ covering and approximation technique, that we present here
in §3.B, is contained in our manuscript [FG].
3.A. A variant of Zeeman’s relative simplicial approximation theorem. Given a locally
finite simplicial complexK of some Rp, a subdivision K 1 of K is a locally finite simplicial complex
K 1 of Rp such that |K 1| “ |K| and each simplex of K 1 is a subset of some simplex of K. A
particular case of subdivision of K is the first barycentric subdivision sdpKq of K. We denote
sdkpKq :“ sdpsdk´1pKqq the kth barycentric subdivision of K for k ě 1, where sd0pKq :“ K.
Given a subcomplex H of K, a subdivision pK{Hq1 of K modulo H is a subdivision of K that
retains H as a subcomplex. We denote sdpK{Hq the barycentric subdivision of K modulo H.
We recall for the sake of completeness how is constructed sdpK{Hq. If σ, ξ P K, we write σ ă ξ
when σ is a face of ξ. The simplices of sdpK{Hq are those of the form rv1, . . . , vs, bpσ1q, . . . , bpσrqs,
where v1, . . . , vs are vertices of K, σ0 :“ rv1, . . . , vss is a simplex of H, σ1, . . . , σr are simplex
of KzL and σ0 ă σ1 ă ¨ ¨ ¨ ă σr. If s “ 0 or r “ 0 we omit σ0 or σ1, . . . , σr, respectively.
Clearly, sdpK{Hq retains H as a subcomplex and it creates shrinkage in the size of the simplices
of K away from H. Now we define recursively the kth barycentric subdivision sdkpK{Hq :“
sdpsdk´1pK{Hq{Hq of K module H for k ě 1, where sd0pK{Hq :“ K.
The classical simplicial approximation theorem (due to Alexander [Al]) implies: Given a
continuous map F : |K| Ñ |L| between compact polyhedra, there exist positive integers κ and ℓ,
and a simplicial map F ˚ : |sdκpKq| Ñ |sdℓpLq| that is arbitrarily close to F .
Zeeman provided in [Ze] the following relative version of the preceding result.
Theorem 20 ([Ze, p. 40]). Let K and L be finite simplicial complexes, let H be a subcomplex of
K and let F : |K| Ñ |L| be a continuous map such that the restriction F |H is simplicial. Suppose
|L| Ă Rq. Then for each ε ą 0 there exist two natural numbers κ and ℓ, and a simplicial map
G : |sdκpK{Hq| Ñ |sdℓpLq| such that G|H “ F |H and
}Gpwq ´ F pwq}q ă ε for each w P |sd
κpK{Hq| “ |K|.
We need to extend the latter result to every locally compact polyhedra. In order to do this,
we introduce the notion of weakly simplicial map.
Definition 21. Let K and L be locally finite simplicial complexes and let F : |K| Ñ |L| be a
map. We say that F is weakly simplicial if it has the following property: If σ0 “ tv1, . . . , vku
is the set of vertices of a simplex σ of K, there exists a positive integer ℓpσq such that F pσ0q “
tF pv1q, . . . , F pvkqu is the set of vertices of a simplex of sd
ℓpσqpLq. In addition, the restriction
F |σ is affine for each σ P K.
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Note that if F : |K| Ñ |L| is a weakly simplicial map, then for each simplex σ of K, there
exists a simplex ξ of L such that F pσq Ă ξ.
Our variant of Zeeman’s relative simplicial theorem reads as follows.
Theorem 22 (Weakly simplicial approximation). Let K and L be locally finite simplicial com-
plexes, let H be a (possibly empty) finite subcomplex of K and let F : |K| Ñ |L| be a continuous
map such that F |H is simplicial. Assume |L| Ă R
q. Then for each strictly positive continuous
function ε : |K| Ñ R`, there exist a subdivision K 1 of K modulo H and a weakly simplicial map
F ˚ : |K 1| Ñ |L| such that F ˚|H “ F |H and
}F ˚pwq ´ F pwq}q ă εpwq for each w P |K
1| “ |K|.
Proof. The proof is conducted in several steps:
Step I. Initial preparation. Assume the simplicial complex K is infinite, because if K is finite
the results follows from Zeeman’s Theorem 20. Denote P :“ |K| Ă Rp the realization of K. It
turns out that P is locally compact, but not compact. Choose a sequence tPnunPN of compact
subsets of P such that for each n P N:
‚ Pn :“ |Kn| is the realization of a finite subcomplex Kn of K.
‚ Pn´1 Ĺ IntP pPnq and P´1 :“ |H|.
‚
Ť
nPN Pn “ P .
Let tεnunPN be the decreasing sequence of positive real numbers defined by
εn :“ min
wPPn
tεpwqu ą 0 for each n P N.
Denote Q :“ |L| and let Q˚ be the closed subset ClRqpQqzQ of R
q. By [Ha, Cor. 3.5] the
locally compact polyhedron Q is an absolute neighborhood retract, that is, there exists a closed
neighborhood V of Q in Rq zQ˚ and a continuous retraction ̺ : V Ñ Q.
Step II. Define K0 :“ K, K0´1 :“ H, L
0 :“ L and F0 :“ F : |K
0| Ñ |L0|. Let us prove:
There exist two sequences of natural numbers tκnunPN and tℓnunPN such that if we denote for
each n ě 1:
paq Kn :“ sdκn´1
`
Kn´1
L
Kn´1n´2
˘
where Kn´1n´2 is the subdivision of the subcomplex Kn´2 of K
induced by the subdivision Kn´1,
pbq Ln :“ sdℓn´1pLn´1q,
there exists for each n ě 1 a continuous map Fn : |K
n| Ñ |Ln| satisfying:
(i) Fn||Knn´1| : |K
n
n´1| Ñ |L
n| is simplicial.
(ii) Fn “ Fn´1 on Pn´2 Y pP z IntP pPnqq. In particular, Fn “ F on P z IntP pPnq.
(iii) }Fnpwq ´ Fn´1pwq}q ă εn{3 for each w P P zPn´2.
The continuous map F0 :“ F : |K| Ñ |L| satisfies F0||H| : |H| Ñ |L| is simplicial (no
additional conditions are required for F0). Fix m P N and assume by induction hypothesis that
there exist finite sets of natural numbers tκ0, . . . , κm´1u and tℓ0, . . . , ℓm´1u, and for n “ 0, . . . ,m
continuous functions Fn : |K
n| Ñ |Ln| satisfying properties paq, pbq and (i) to (iii) above.
For each n P N denote Kmn the subdivision of the subcomplex Kn of K induced by K
m.
Define the compact subset Q‚ :“ FmpPm`1q of Q and denote Q
‚ the finite subcomplex of Lm
consisting of all simplices that meet Q‚ together with their faces. Note that Q‚ is finite because
Q‚ is compact and Lm is locally finite. Define
µ :“ distRqpQ
‚, Q˚q ą 0,
V ‚ :“ tz P V : distRqpz,Q
‚q ď µ{2u Ă V,
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which is a compact subset of V . As ̺ is uniformly continuous on V ‚, there exists δ ą 0 such
that
}̺pz1q ´ ̺pzq}q ď
εm`1
3
for each z1, z P V ‚ with }z1 ´ z}q ď δ. (1)
Consider the restriction F ‚m : |K
m
m`1| Ñ |Q
‚| of Fm from |K
m
m`1| “ Pm`1 to |Q
‚|. The map F ‚m
is continuous and by property (i) for n “ m its restriction to Kmm´1 is simplicial. By Theorem 20
there are integers κm ě 0 and ℓm ě 0 and a simplicial map G : |sd
κmpKmm`1{K
m
m´1q| “ Pm Ñ
|sdℓmpQ‚q| such that
G|Kmm´1 “ F
‚
m|Kmm´1 “ Fm|Kmm´1 , (2)
}Gpwq ´ Fmpwq}q “ }Gpwq ´ F
‚
mpwq}q ă mintµ{2, δu for each w P |K
m
m`1| “ Pm`1. (3)
Define Km`1 :“ sdκmpKm{Kmm´1q and L
m`1 :“ sdℓmpLmq as required in (1) and (2) for
n “ m ` 1. Note that sdκmpKmm`1{K
m
m´1q is a subcomplex of K
m`1 and sdℓmpQ‚q is a finite
subcomplex of Lm`1 (because Q‚ is a finite subcomplex of Lm).
By Urysohn’s lemma there exist a continuous function ϕ : P Ñ r0, 1s such that ϕ ” 1 on
|Km`1m | “ Pm and its support supppϕq is contained in IntP pPm`1q. Define the continuous map
G‚ : Pm`1 Ñ R
q, w ÞÑ G‚pwq :“ ϕpwqGpwq ` p1´ ϕpwqqFmpwq for each w P Pm`1.
We have by (2)
G‚pwq “
#
Gpwq “ Fmpwq P Q if w P |K
m
m´1| “ Pm´1,
Fmpwq P Q if w P Pm`1zsupppϕq.
Consequently,
̺pG‚pwqq “ Fmpwq for each w P Pm´1 Y pPm`1zsupppϕqq. (4)
If w P Pm, then ϕpwq “ 1, so G
‚pwq “ Gpwq P Q, hence ̺pG‚pwqq “ G‚pwq “ Gpwq. Thus,
̺pG‚pwqq “ Gpwq for each w P |Km`1m | “ Pm. (5)
Let w P Pm`1zPm´1. By (3) we know that }Gpwq ´ Fmpwq}q ă mintµ{2, δu, so
}G‚pwq ´ Fmpwq}q “ }ϕpwqpGpwq ´ Fmpwqq}q ď }Gpwq ´ Fmpwq}q ă mintµ{2, δu.
As Fmpwq P Q
‚ Ă V ‚, it follows that G‚pwq P V ‚ as well. By (1)
}̺pG‚pwqq ´ Fmpwq}q “ }̺pG
‚pwqq ´ ̺pFmpwqq}q ď
εm`1
3
.
Thus, we have proved
}̺pG‚pwqq ´ Fmpwq}q ď
εm`1
3
for each w P Pm`1zPm´1. (6)
Define
Fm`1 : |K
m`1| “ P Ñ Q “ |Lm`1|, w ÞÑ Fm`1pwq :“
#
̺pG‚pwqq if w P Pm`1
Fmpwq otherwise.
The map Fm`1 is continuous because by (4) ̺pG
‚pwqq “ Fmpwq if w P Pm`1zsupppϕq.
By (4) it turns out also that Fm`1 satisfies (ii) with n “ m` 1. In addition (5) and (6) imply
that Fm`1 satisfies as well (i) and (iii) with n “ m` 1. This completes the inductive procedure.
Step III. Construction of the weakly simplicial approximating map. Consider the subdivision
K 1 of K given by
K 1 :“
ğ
nPN
pKnn´1zK
n
n´2q,
where K0´2 :“ ∅ and set P´2 :“ ∅. Consider the map
F ˚ : |K 1| Ñ |L|, w ÞÑ Fm`1pwq for each w P PmzPm´1 and each m P t´1u Y N.
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Observe that F ˚ “ F0 “ F on P´1 “ |H|. We claim: The map F
˚ is continuous.
Fix m P N and let w P Pm. Let 0 ď k ď m be such that w P PkzPk´1. By property (ii) we
have F ˚pwq :“ Fk`1pwq “ Fk`2pwq “ ¨ ¨ ¨ “ Fm`1pwq. Thus, F
˚|Pm “ Fm`1|Pm is continuous
for each m P N. Consequently, F ˚ is continuous on P “
Ť
mPN IntP pPmq.
Let us show: F ˚ is weakly simplicial.
Let σ P K 1 and let n P N be such that σ P Knn´1zK
n
n´2. Denote σ0 :“ tv1, . . . , vku the set
of vertices of σ. As we have seen above, F ˚|Pn´1 “ Fn||Kn´1| “ Fn||Knn´1|. By property (i)
the restriction Fn||Knn´1| : |K
n
n´1| Ñ |L
n| is simplicial. As Ln :“ sdℓn´1pLn´1q, we have that
F ˚pσ0q “ Fnpσ0q “ tFnpv1q, . . . , Fnpvkqu is the set of vertices of a simplex of sd
ℓpσqpLq, where
ℓpσq :“ 0 if n “ 0 and ℓpσq :“
řn´1
j“0 ℓj if n ě 1. In addition, F
˚|σ “ Fn|σ is affine.
Finally we prove: }F ˚pwq´F pwq}q ă εpwq for each w P |K
1| “ |K| “ P “
Ů
mPNpPmzPm´1q.
Pick w P P . If w P P´1 “ |H|, then }F
˚pwq ´ F pwq}q “ 0 ă εpwq. Assume w P P0zP´1. By
property (iii)
}F ˚pwq ´ F pwq}q “ }F1pwq ´ F0pwq}q ď
ε1
3
ď
ε0
3
ă ε0 ď εpwq.
Finally, assume w P PmzPm´1 Ă P z IntP pPm´1q for some m ě 1. By property (ii) we have
F pwq “ Fm´1pwq and by property (iii)
}F ˚pwq ´ F pwq}q “ }Fm`1pwq ´ Fm´1pwq}q
ď }Fm`1pwq ´ Fmpwq}q ` }Fmpwq ´ Fm´1pwq}q
ď
εm`1
3
`
εm
3
ď 2
εm
3
ă εm ď εpwq,
as required. 
3.B. The ‘shrink-widen’ covering and approximation technique. Let σ be a simplex of
R
p, let σ0 be the simplicial interior of σ and let Bdpσq be the simplicial boundary of σ. Recall that
Bdpσq is the union of proper faces of σ, and σ0 is the open simplex of Rp such that σ0 “ σzBdpσq.
Let bσ be the barycenter of σ. Given ε P p0, 1q indicate hε : R
p Ñ Rp, x ÞÑ bσ ` p1´ εqpx´ bσq
the homothety of Rp of center bσ and ratio 1 ´ ε, and define the p1 ´ εq-shrinking σ
0
ε of σ
0 by
σ0ε :“ hεpσ
0q. Note that ClRppσ
0
εq “ hεpσq Ă σ
0 for each ε P p0, 1q and σ0ε tends to σ
0 when
εÑ 0. In addition, σ0 “
Ť
εPp0,1q σ
0
ε and σ
0
ε2
Ă σ0ε1 if 0 ă ε1 ď ε2 ă 1.
We fix the following notations for the rest of the subsection. Let r P N˚ Y t8u and let
X Ă Rm be a locally compact set. Suppose X is ‘triangulable of class C r on open simplices’ in
the sense that there are a locally finite simplicial complex K of some Rp and a homeomorphism
Φ : |K| Ñ X such that: the set Φpσ0q is a C r submanifold of Rm and the restriction Φ|σ0 :
σ0 Ñ Φpσ0q is a C r diffeomorphism for each open simplex σ0 of K. Define K0 :“ tΦpσ0quσPK
and K :“ tΦpσquσPK .
To lighten the notation the elements of K will be denoted with the letters s, t, . . . while those
of K0 with the letters s0, t0, . . . in such a way that ClRmps
0q “ s. In other words, if s “ Φpσq,
then s0 “ Φpσ0q. Moreover, we indicate s0ε the p1´ εq-shrinking of s
0 “ Φpσ0q corresponding to
σ0ε via Φ, that is, s
0
ε :“ Φpσ
0
εq.
Consider a C r tubular neighborhood ρ
s0 : Ts0 Ñ s
0 of s0 in Rm and for each η ą 0 the open
subset T
s0,η :“ tx P Ts0 : }x ´ ρs0pxq}m ă ηu of R
m. We write s0ε,η to denote the η-widening
of s0ε with respect to ρs0 , which is the open neighborhood s
0
ε,η :“ pρs0q
´1ps0εq X Ts0,η of s
0
ε in
R
m. If C is a closed subset of Rm such that C X ClRmps
0
εq “ ∅, there exists η ą 0 such that
C X ClRmps
0
ε,ηq “ ∅ (recall that ClRmps
0
εq is compact). Denote ρs0,ε,η :“ ρs0 |s0ε,η : s
0
ε,η XX Ñ s
0
ε
the C r retraction obtained restricting ρ
s0 from s
0
ε,η XX to s
0
ε.
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Lemma 23. Fix a strictly positive function η : K0 Ñ R`. Then for each s0 P K0 there exist a
non-empty open subset V
s0 of s
0 (a ‘shrinking’ of s0), an open neighborhood U
s0 of Vs0 in X (a
‘widening’ of V
s0) satisfying Vs0 “ Us0 X s
0 and a C r retraction r
s0 : Us0 Ñ Vs0 such that:
(i) tU
s0us0PK0 is a locally finite open covering of X.
(ii) ClRmpUs0q X t “ ∅ for each pair ps
0, tq P K0 ˆK satisfying s0 X t “ ∅.
(iii) supxPU
s0
t}x´ r
s0pxq}mu ă ηps
0q for each s0 P K0.
Proof. Define d :“ maxtdimps0q : s0 P K0u ď m, where dimps0q is the dimension of s0 as a
C r submanifold of Rm. Of course d coincides with the dimension of the semialgebraic set |K|,
which is equal to maxtdimpσ0q : σ P Ku. Let K0e :“ ts
0 P K0 : dimps0q ď eu for e P t0, 1, . . . , du.
Let us prove by induction on e P t0, 1, . . . , du that: For each s0 P K0e there exist an open subset
U e
s0
of X and a C r retraction re
s0
: U e
s0
Ñ V e
s0
:“ U e
s0
X s0 ‰ ∅ such that:
paq
Ť
s0PK0e
s
0 Ă
Ť
s0PK0e
U e
s0
.
pbq ClRppU
e
s0
q X t “ ∅ for each pair ps0, tq P K0e ˆK satisfying s
0 X t “ ∅.
pcq supxPUe
s0
t}x´ re
s0
pxq}mu ă ηps
0q for each s0 P K0e.
Suppose first e “ 0. Choose tvu P K00. As the family K is locally finite in X, the unionŤ
tPK,vRt t is closed in X and it does not contain v. Consequently, there exists η
1
v P p0, ηptvuqq
such that the open ball Bpv, 2η1vq of R
m of center v and radius 2η1v does not meet
Ť
tPK,vRt t.
Define U0tvu :“ Bpv, η
1
vq XX, V
0
tvu :“ tvu and r
0
tvu : U
0
tvu Ñ V
0
tvu, x ÞÑ v the constant map for
each tvu P K00.
Fix e P t0, . . . , d ´ 1u and suppose that the assertion is true for such an e. Pick σ P K of
dimension e` 1 and consider the compact subset
Cσ :“ σzΦ
´1
´ ď
τPK,τĂBdpσq
U eΦpτ0q
¯
of σ0 “
Ť
εPp0,1q σ
0
ε . Let εpσ
0q P p0, 1q be such that Cσ Ă σ
0
εpσ0q. If s “ Φpσq, define εps
0q :“ εpσ0q
and s0
εps0q :“ Φpσ
0
εpσ0qq. We haveŤ
s0PK0e`1
s
0 Ă
Ť
s0PK0e
U e
s0
Y
Ť
s0PK0e`1zK
0
e
s
0
εps0q.
If ps0, tq P pK0e`1zK
0
eqˆK satisfies s
0Xt “ ∅, then ClRmps
0
εps0qqXt “ ∅ because ClRmps
0
εps0qq Ă s
0.
Let s0 P K0e`1zK
0
e. As the family K is locally finite in X, there exists η
1ps0q P p0, ηps0qq such that
ClRm
`
s
0
εps0q,η1ps0q XX
˘
X t “ ∅
for each pair ps0, tq P pK0e`1zK
0
eq ˆK satisfying s
0 X t “ ∅. For each s0 P K0e`1 define:
‚ V e`1
s0
:“ V e
s0
, U e`1
s0
:“ U e
s0
and re`1
s0
:“ re
s0
if s0 P K0e, and
‚ V e`1
s0
:“ s0
εps0q, U
e`1
s0
:“ s0
εps0q,η1ps0q XX and r
e`1
s0
:“ ρ
s0,εps0q,η1ps0q if s
0 P K0e`1zK
0
e.
The open sets U e`1
s0
, the non-empty sets V e`1
s0
and the retractions re`1
s0
: U e`1
s0
Ñ V e`1
s0
for
s
0 P K0e`1 satisfy conditions paq to pcq, as required.
Define the open subsets U
s0 :“ U
d
s0
of X and the C r retractions r
s0 :“ r
d
s0
for each s0 P
K
0
d “ K
0. Evidently properties piiq and piiiq hold, and the family tU
s0us0PK0 is a covering of
X. It remains to show that such a family is locally finite in X. Let x P X and let u0 be the
unique element of K0 such that x P u0. For each t P K and each s0 P K0 define the finite set
It :“ ts
0 P K0 : s0 Ă tu and the set Js0 :“ tt P K : s
0 Ă tu. As the family K is locally finite
in X, each set Js0 is finite as well. If t P K and s
0 P K0 satisfies Us0 X t ‰ ∅, then t P Js0 by
property (ii). In particular Us0 Ă
Ť
tPJ
s0
t.
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Define the finite set Mu0 :“
Ť
tPJ
u0
It and the set Nu0 :“ ts
0 P K0 : Uu0 X Us0 ‰ ∅u. Let us
show: N
u0 is finite by showing that Nu0 ĂMu0 . This will complete the proof. If s
0 P N
u0 , then
∅ ‰ Uu0 X Us0 Ă
Ť
tPJ
s0
`
Uu0 X t
˘
.
Thus, there exists t P J
s0 such that Uu0 X t ‰ ∅, so s
0 P It and t P Ju0 , that is, s
0 P M
u0 , as
required. 
Lemma 24. Let L be a locally finite simplicial complex of Rq and let g P C 0pX, |L|q. Suppose
that for each t P K the restriction g|t0 belongs to C
rpt0, |L|q and there exists ξt P L such
that gptq Ă ξt. Then for each strictly positive continuous function δ : X Ñ R
`, there exists
h P C rpX, |L|q with the following properties:
(i) For each t P K, there exists an open neighborhood Wt of t in X such that hpWtq Ă ξt.
(ii) }hpxq ´ gpxq}q ă δpxq for each x P X.
To prove this lemma and Proposition 27 below we need the following basic topological result
that we borrow from [ABF, Lem.2.4].
Lemma 25. Let T be a paracompact topological space, let tTkukPN be a locally finite family of
subsets of T and for each k P N let Vk Ă T be an open neighborhood of Tk. Then there exist
open neighborhoods Uk Ă T of Tk such that Uk Ă Vk for each k P N and the family tUkukPN is
locally finite in T .
Proof. For each x P T let Bx Ă T be an open neighborhood of x that meets only finitely many Tk.
The family tBxuxPT is an open covering of T . As T is paracompact, there exists a locally finite
open covering tWℓuℓPL of T , which is a refinement of tBxuxPT . Observe that each Wℓ meets only
finitely many Tk. For each k P N define U
1
k :“
Ť
WℓXTk‰∅
Wℓ. Note that Tk Ă U
1
k for each k P N.
We claim: The family tU 1kukPN is locally finite in T .
Fix a point x P T and consider a neighborhood Vx Ă T of x that meets finitely many
Wℓ, say Wℓ1 , . . . ,Wℓr . The union
Ťr
j“1Wℓj meets only finitely many Tk, say Tk1 , . . . , Tks . If
k R tk1, . . . , ksu, the intersection U
1
k XVx “ ∅. To finish it is enough to define Uk :“ U
1
k XVk for
each k P N. 
We are ready to prove Lemma 24.
Proof of Lemma 24. We will give the proof only in the case X is non-compact (because if X is
compact, the proof is similar, but easier). Choose a sequence tXnunPN of compact subsets of X
such that for each n P N:
‚ Xn is a finite union of elements of K, say Xn “
Ť
tPKn
t for some finite set Kn Ă K.
‚ Xn´1 Ĺ IntXpXnq, where X´1 :“ ∅.
‚
Ť
nPNXn “ X.
Let tδnunPN be the decreasing sequence of positive real numbers defined by
δn :“ min
xPXn
tδpxqu ą 0 for each n P N.
Write ε´1 :“ 1. As the restriction of g|Xn is uniformly continuous, for each n P N there exists
εn P p0, εn´1q such that
}gpx1q ´ gpxq}q ă δn for each pair x
1, x P Xn with }x
1 ´ x}m ă εn. (7)
Fix s0 P K0. We claim: there exists a unique integer n :“ nps0q P N such that s0 Ă XnzXn´1.
Pick x P s0 and let k P N be such that x P Xk “
Ť
tPKk
t. Thus, x P t for some t P Kk,
so x P s0 X t and s0 Ă t Ă Xk. This proves that if s
0 X Xk ‰ ∅, then s
0 Ă Xk. Note that
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n “ nps0q :“ mintk P N : s0 Ă Xku is the unique natural number such that s
0 Ă XnzXn´1, as
claimed.
Consider the strictly positive function η : K0 Ñ R`, s0 ÞÑ εnps0q`1. By Lemma 23 for each
s
0 P K0 there exist an open subset U
s0 of X with Vs0 :“ Us0 X s
0 ‰ ∅ and a C r retraction
r
s0 : Us0 Ñ Vs0 such that:
tUs0us0PK0 is a locally finite covering of X,
ClRmpUs0q X t “ ∅ for each pair ps
0, tq P K0 ˆK such that s0 X t “ ∅ and (8)
supxPU
s0
t}x´ r
s0pxq}mu ă εnps0q`1 for each s
0 P K0. (9)
Let tθ
s0 : X Ñ r0, 1sus0PK0 be a C
r partition of unity subordinated to the locally finite open
covering tUs0us0PK0 of X. To prove the existence of such C
r partition of unity one can proceed
as follows. We may assume that X is a closed subset of Rm. The family tClRmpUs0qus0PK0 is
locally finite in Rm. By Lemma 25 there exists a locally finite family tΩs0us0PK0 of open subsets
of Rm such that ClRmpUs0q Ă Ωs0 . Let Ω
1
s0
Ă Ωs0 be an open subset such that Us0 “ X X Ω
1
s0
.
Let tΘ0u Y tΘs0 : X Ñ r0, 1sus0PK0 be a C
r partition of unity subordinated to the locally finite
open covering tRmzXu Y tΩ1
s0
us0PK0 of R
m. Now, it is enough to consider θs0 :“ Θs0 |X for each
s
0 P K0 in order to have the desired C r partition of unity subordinated to tU
s0us0PK0 .
For each s0 P K0 the map
g ˝ r
s0 : Us0 Ñ Vs0 Ă s
0 Ă sÑ ξs, x ÞÑ rs0pxq ÞÑ gprs0pxqq
is a C r map, so also the map Hs0 : X Ñ R
q defined by
Hs0pxq :“
#
θ
s0pxq ¨ gprs0pxqq if x P Us0 ,
0 if x P XzUs0 ,
belongs to C rpX,Rqq. Consider the C r map H :“
ř
s0PK0 Hs0 : X Ñ R
q.
Fix t P K and define Wt :“ Xz
Ť
s0PK0, s0Xt“∅ ClRmpUs0q. As the family K
0 is locally finite in
X, we deduce that Wt is by (8) an open neighborhood of t in X. We claim: HpWtq Ă ξt.
Pick x PWt. If s
0 P K0 and s0X t “ ∅, then θ
s0pxq “ 0 because the support of θs0 is contained
in U
s0 and x R ClRmpUs0q. If s
0 X t ‰ ∅, then s0 Ă t, so we concludeÿ
s
0PK0, s0Ăt,
xPU
s0
θs0pxq “ 1 and (10)
Hpxq “
ÿ
s
0PK0, s0Ăt,
xPU
s0
θ
s0pxqgprs0pxqq. (11)
If s0 P K0 satisfies s0 Ă t and x P U
s0 , then rs0pxq P Vs0 Ă s
0, so gpr
s0pxqq P ξt. As ξt is a
convex subset of Rq and each gpr
s0pxqq P ξt if s
0 Ă t and x P U
s0 , we conclude by means of (10)
and (11) that Hpxq P ξt. Consequently, HpWtq Ă ξt, as claimed.
As X “
Ť
tPK t “
Ť
tPKWt, we deduce HpXq is contained in |L| and h : X Ñ |L|, x ÞÑ Hpxq
is a C r map that satisfies property (i).
It remains to prove (ii). Fix x P XnzXn´1 for some n P N. Denote u the unique element of
K such that x P u0. As u0 XXn ‰ ∅, we have u
0 Ă Xn. Observe that u
0 XXn´1 “ ∅, because
otherwise x P u0 Ă Xn´1, which is a contradiction. Thus, u
0 Ă XnzXn´1, so npu
0q “ n. If
s
0 P K0 satisfies x P U
s0 , then Us0 X u ‰ ∅ and by (8) we have
s
0 Ă u Ă ClXpXnzXn´1q Ă Xnz IntXpXn´1q Ă XnzXn´2 “ pXnzXn´1q \ pXn´1zXn´2q,
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where X´2 :“ ∅. Thus, nps
0q P tn ´ 1, nu. Consequently, rs0pxq P s
0 Ă u Ă Xn and by (9) we
have }x´ r
s0pxq}m ă εnps0q`1 ď εn. Now inequality (7) implies that
}hpxq ´ gpxq}q “
››› ÿ
s0PK0, xPU
s0
θ
s0pxq
`
gpr
s0pxqq ´ gpxq
˘›››
q
ď
ď
ÿ
s0PK0, xPU
s0
θ
s0pxq}gprs0pxqq ´ gpxq}q ă δn ď δpxq,
as required. 
3.C. Proof of Theorem 5. Let X be a locally compact subset of some Rm. We assume X is
non-compact. If X is compact the proof is similar, but easier. As Y Ă Rn is a weakly C r trian-
gulable set, there exist a locally finite simplicial complex L of some Rq and a homeomorphism
Ψ : |L| Ñ Y such that Ψ|ξ P C
rpξ, Y q for each ξ P L. In particular, Y is locally compact in Rn.
Consider a continuous map f : X Ñ Y and a strictly positive continuous function ε : X Ñ R`.
We will show: There exists H P C rpX,Y q such that }Hpxq ´ fpxq}n ă εpxq for each x P X.
By the first part of Corollary 18, we can assume X is closed in Rm and Y is closed in Rn.
The proof is conducted in several steps:
Step I. Initial preparation. As X is closed in Rm, Tietze’s extension theorem guarantees the
existence of a strictly positive continuous function E : Rm Ñ R` and a continuous map pf : Rm Ñ
R
n such that Epxq “ εpxq and pfpxq “ fpxq for each x P X. By [Ha, Cor.3.5] Y is an absolute
neighborhood retract. Consequently, as Y is closed in Rn, there exists an open neighborhood
W Ă Rn of Y and a continuous retraction ρ : W Ñ Y . Consider the open neighborhood
U :“ p pfq´1pW q of X in Rm and the continuous extension rf : U Ñ Y, x ÞÑ ρp pfpxqq of f .
Renaming U as X, E|U as ε and rf as f , we can assume that X is an open subset of Rm, so in
particular X is a C8 manifold.
By the Cairns-Whitehead triangulation theorem X is ‘triangulable of class C8 on simplices’,
that is, there exist a locally finite simplicial complex K of some Rp and a homeomorphism
Φ : |K| Ñ X such that Φpσ0q is a C8 submanifold of Rm and the restriction Φ|σ0 : σ
0 Ñ Φpσ0q
is a C8 diffeomorphism for each open simplex σ0 of K (see [Hu, Lemma 3.5 & p.82]). Set
P :“ |K|, K :“ tΦpσquσPK and K
0 :“ tΦpσ0quσPK . Define Q :“ |L| Ă R
q.
Step II. Reduction to the weakly simplicial case. Choose a sequence tXkukPN of compact subsets
of X such that
Ť
kPNXk “ X and Xk´1 Ĺ IntXpXkq for each k P N, where X´1 :“ ∅. Note that
the family tXkzXk´1ukPN is locally finite in X.
Fix k P N and consider the compact subsets Pk :“ Φ
´1pXkq of P and Qk :“ Ψ
´1pfpXkqq
of Q. Define εk :“ minxPXktεpxqu ą 0 and µk :“ mint1,distRqpQk,ClRqpQqzQqu ą 0, where
distRqpQk,∅q :“ `8. Consider the compact subset Vk of Q defined by
Vk :“ tz P Q : distRqpz,Qkq ď µk{2u. (12)
By the uniform continuity of Ψ on Vk there exists (for each k P N) δk ą 0 such that
}Ψpz1q ´Ψpzq}n ă εk for each pair z
1, z P Vk with }z
1 ´ z}q ă δk. (13)
Consider the C 0 map F :“ Ψ´1 ˝ f ˝ Φ : |K| “ P Ñ Q “ |L|. Applying Theorem 22 to F
(with H “ ∅) we obtain, after replacing K by one of its subdivisions, that there exists a weakly
simplicial map F ˚ : |K| Ñ |L| such that
}F ˚pwq ´ F pwq}q ă mintµk{4, δk{2u for each k P N and each w P PkzPk´1, (14)
where P´1 :“ ∅. Define the continuous maps g :“ Ψ
´1 ˝ f “ F ˝ Φ´1 : X Ñ |L| and
g˚ :“ F ˚ ˝ Φ´1 : X Ñ |L|. For each t P K the restriction Φ´1|
t0 : t
0 Ñ Φ´1pt0q is a C8
diffeomorphism. Thus, as F ˚|Φ´1pt0q is an affine map, g
˚|
t0 P C
8pt0, |L|q. As F ˚ is weakly
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simplicial and Φ´1ptq P K, there exists ξt P L such that g
˚ptq “ F ˚pΦ´1ptqq Ă ξt. By (14) we
have:
}g˚pxq ´ gpxq}q ă mintµk{4, δk{2u for each k P N and each x P XkzXk´1. (15)
The following commutative diagram summarizes the situation we have achieved until the mo-
ment.
X
f //
g
  ❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
g˚
  ❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
Y
|K|
Φ –
OO
F //
F˚
// |L|
Ψ–
OO
ξ?
_oo
+ K
Ψ|ξ
XX✶
✶
✶
✶
✶
✶
✶
✶
✶
✶
✶
✶
✶
Step III. Construction of the approximating map. By Lemma 24 there exist h˚ P C8pX, |L|q
and for each t P K an open neighborhood Wt Ă X of t satisfying:
h˚pWtq Ă ξt for each t P K, (16)
}h˚pxq ´ g˚pxq}q ă mintµk{4, δk{2u for each k P N and each x P XkzXk´1. (17)
We define H :“ Ψ ˝ h˚ : X Ñ Y and claim: H P C rpX,Y q.
Recall that tWtutPK is an open covering of X. By (16) the restriction h
˚|Wt : Wt Ñ ξt is a
well-defined C8 map for each t P K. In addition, H|Wt “ Ψ|ξt ˝ h
˚|Wt . As both Ψ|ξt and h
˚|Wt
are C r maps, H|Wt is also a C
r map. Consequently, H P C rpX,Y q, as claimed.
Next, by (15) and (17) we have
}h˚pxq ´ gpxq}q ă mintµk{2, δku for each k P N and each x P XkzXk´1. (18)
Recall that gpXkq “ Ψ
´1pfpXkqq “ Qk, so by (12) and (18) we have h
˚pxq P Vk for each
x P XkzXk´1. Thus, by (13) and (18) we conclude
}Hpxq ´ fpxq}n “ }Ψph
˚pxqq ´Ψpgpxqq}n ă εk ď εpxq,
for each x P XkzXk´1 and each k P N. Thus, }Hpxq ´ fpxq}n ă εpxq for each x P X, as
required. 
3.D. Proof of Corollary 15. Let K and P Ă Rp satisfy the conditions in the statement, and
let ε : P Ñ R` be a strictly positive continuous function. Apply Lemma 24 to X :“ P , Φ :“ idP ,
L :“ K, g :“ idP and δ :“ ε. We obtain a map ιε P C
8pP,P q and for each σ P K an open
neighborhood Wσ Ă P of σ such that:
‚ ιεpWσq Ă σ for each σ P K and
‚ }ιεpxq ´ x}p ă εpxq for each x P X.
Thus, the net tιεuεPC 0pP,R`q converges to the identity map in C
0pP,P q. Consequently, by Lemma
17 if f P C 0pP, Y q, the net tf ˝ ιεuεPC 0pP,R`q converges to f in C
0pP, Y q. In addition, if
f |σ P C
rpσ, Y q for each σ P K, every composition f ˝ ιε : P Ñ Y is a C
r map, because so is the
restriction pf ˝ ιεq|Wσ “ f |σ ˝ ιε|Wσ for each σ P K. 
Remark 26. If K is compact, the family of strictly positive constant functions εn :“ 2
´n is
cofinal in C 0pP,R`q and it is enough to construct (using again Lemma 24) for each n P N a
map ιn P C
8pP,P q and for each σ P K an open neighborhood Wσ Ă P of σ such that:
‚ ιnpWσq Ă σ for each σ P K and
‚ }ιnpxq ´ x}p ă εnpxq :“ 2
´n for each x P X.
Once this is done one proceeds as above. ‚
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4. Proof of Theorem 12
In this section we develop first all the machinery we need to prove Theorem 12, which is
inspired by some techniques contained in [BR]:
‚ the construction of C8 weak retractions for an analytic normal-crossings divisor X of a
real analytic manifold M (that appears in §4.A),
‚ immersion of C-analytic sets as singular sets of coherent C-analytic sets homeomorphic
to Euclidean spaces (that appears in §4.B),
and after we approach its proof (see §4.C).
A weaker and purely semialgebraic version of the arguments used in this section is contained
in our manuscript [FG].
4.A. C8 weak retractions. In this subsection we construct C8 weak retractions ρ : W Ñ X
of open neighborhoodsW of an analytic normal-crossings divisorX of a real analytic manifoldM
(Proposition 27). C8 weak retractions ρ : W Ñ X are C8 maps that are arbitrarily close to
the identity idX on X in the strong C
0 topology. We have already observed that in general we
cannot expect that ρ is a retraction of X, that is, there is no hope to have ρ|X “ idX .
Let M Ă Rm be a d-dimensional real analytic manifold and let X be a C-analytic subset of
M . We say that X is an analytic normal-crossings divisor of M if:
‚ for each point x P X there exists an open neighborhood U ĂM of x and a real analytic
diffeomorphism ϕ : U Ñ Rd such that ϕpxq “ 0 and ϕpXXUq “ tx1 ¨ ¨ ¨ xr “ 0u for some
r P t1, . . . , du, and
‚ the (C-analytic) irreducible components of (the C-analytic set) X are non-singular an-
alytic hypersurfaces of M .
In the next result we establish the existence of C8 weak retractions ρ : W Ñ X.
Proposition 27 (C8 weak retractions). Let X be an analytic normal-crossings divisor of a real
analytic manifold M and let U be an open neighborhood of idX in C
0pX,Xq. Then there exist
an open neighborhood W of X in M and a C8 map ρ :W Ñ X such that ρ|X P U .
Proof. Assume that M is a real analytic submanifold of some Rm. Choose a strictly positive
continuous function ε : X Ñ R` such that
tg P C 0pX,Xq : }gpxq ´ x}m ă εpxq @x P Xu Ă U . (19)
As X is closed in M , we can extend by Tietze’s extension theorem ε to a positive continuous
function on M that we denote again ε.
Let tXjujPJ be the family of the irreducible components of X. Such a family is locally finite
in M , so J is countable and we assume J “ N. If J is finite, the proof is similar but easier.
For each j P N denote πj : Ej Ñ Xj the normal bundle of Xj in M , where Ej Ă Xj ˆ R
m Ă
R
m ˆ Rm “ R2m. Proceeding as the authors do in the proof of [BR, Lem.2.5] one shows that
there exists a C8 tubular neighborhood map φj : Ej ãÑM of Xj compatible with the other Xk
in the following sense: for each x P Ej and each k P Nztju the image φjpxq P Xk if and only if
φjpπjpxqq P Xk. Define Ωj :“ φjpEjq for each j P N. By Lemma 25 we may assume that the
family tΩjujPN is locally finite in M .
Fix j P N and let ηj : Xj Ñ R
` be a strictly positive C8 function. Choose a C8 function
f : RÑ r0, 1s such that fptq “ 0 if |t| ď 1{4 and fptq “ 1 if |t| ě 1. Consider the map
hj : Ej Ñ Ej, px,wq ÞÑ px, fp}w}
2
m{η
2
j pxqqwq
and the composition ψj :“ φj ˝ hj ˝ φ
´1
j : Ωj Ñ Ωj, which is a C
8 map (to guarantee this fact
it is essential to use } ¨ }2m instead of merely } ¨ }m) that extends by the identity to a C
8 map
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Ψj : M ÑM . Denote
Wj :“ φj
`
tpx,wq P Ej : }w}m ă ηjpxqu
˘
Ă Ωj ,
W ˚j :“ φj
`
tpx,wq P Ej : }w}m ă ηjpxq{2u
˘
ĂWj.
We have:
‚ ΨjpW
˚
j q “ Xj .
‚ Ψjpyq “ y for each y PMzWj .
‚ ΨjpXkq Ă Xk for each k.
‚ Ψj is arbitrarily close to the identity on M if ηj is small enough.
Only the last assertion requires a further comment. As Ψj is the identity on MzWj and φj is a
real analytic embedding (in particular a proper map onto its image), by Lemma 17 it is enough
to show that hj can be chosen arbitrarily close to idEj . Pick px,wq P Ej. We have:
hjpx,wq ´ px,wq “ p0, pfp}w}m{ηjpxqq ´ 1qwq,
|fp}w}m{ηjpxqq ´ 1|
#
ď 1 if }w}m ă ηjpxq,
“ 0 if }w}m ě ηjpxq.
Consequently,
}hjpx,wq ´ px,wq}2m “ |fp}w}m{ηjpxqq ´ 1|}w}m ă ηjpxq,
so hj is arbitrarily close to idEj and Ψj is arbitrarily close to idM , provided ηj is small enough.
In particular, the restriction Ψj|X : X Ñ X is arbitrarily close to idX .
We claim: If the functions ηj are small enough, the countable composition ρ : M Ñ M ,
ρ :“ ¨ ¨ ¨ ˝Ψj ˝ ¨ ¨ ¨ ˝Ψ0 is a well-defined C
8 map and the restriction ρ|X : X Ñ X belongs to U .
As M is Hausdorff, second countable and locally compact (hence also paracompact), and
the family tΩjujPN is locally finite in M , there exists an open covering tUℓuℓPN of M such that
each closure ClM pUℓq of Uℓ in M is compact and only meets finitely many Ωj, and the family
tClM pUℓquℓPN is locally finite inM . Let tVℓuℓPN be a shrinking of tUℓuℓPN that is an open covering
of M and satisfies Kℓ :“ ClM pVℓq Ă Uℓ for each ℓ P N. Denote sℓ P N the cardinality of the set
of all j P N such that Ωj X ClM pUℓq ‰ ∅ for each ℓ P N. Note that distRmpKℓ,MzUℓq ą 0 and
pick εℓ P R with 0 ă εℓ ă distRmpKℓ,MzUℓq. Bearing in mind Remark 19, for each j P N we
choose ηj small enough to have
}Ψjpxq ´ x}m ă
εℓ
sℓ ` 1
for each ℓ P N and each x P ClM pUℓq.
Fix ℓ P N with sℓ ą 0. Write tj P N : Ωj X Vℓ ‰ ∅u “ tj1, . . . , jsℓu and assume j1 ă . . . ă jsℓ .
Let us check: }pΨjk ˝ ¨ ¨ ¨ ˝ Ψj1qpyq ´ y}m ă
kεℓ
sℓ`1
for each y P Kℓ and each k P t1, . . . , sℓu. In
particular,
pΨjk ˝ ¨ ¨ ¨ ˝Ψj1qpyq P Uℓ (20)
for each k P t1, . . . , sℓu.
We proceed by induction on k. If k “ 1 the result is true by construction. Assume the
result true for k ´ 1 and let us check that it is also true for k. Pick a point y P Kℓ. As
}pΨjk´1 ˝ ¨ ¨ ¨ ˝Ψj1qpyq ´ y}m ă
pk´1qεℓ
sℓ`1
ă εℓ, we have pΨjk´1 ˝ ¨ ¨ ¨ ˝Ψj1qpyq P Uℓ, so
}ΨjkppΨjk´1 ˝ ¨ ¨ ¨ ˝Ψj1qpyqq ´ pΨjk´1 ˝ ¨ ¨ ¨ ˝Ψj1qpyq}m ă
εℓ
sℓ ` 1
.
Thus, we deduce
}pΨjk ˝ ¨ ¨ ¨ ˝Ψj1qpyq ´ y}m ď }ΨjkppΨjk´1 ˝ ¨ ¨ ¨ ˝Ψj1qpyqq ´ pΨjk´1 ˝ ¨ ¨ ¨ ˝Ψj1qpyq}m
` }pΨjk´1 ˝ ¨ ¨ ¨ ˝Ψj1qpyq ´ y}m ă
εℓ
sℓ ` 1
`
pk ´ 1qεℓ
sℓ ` 1
“
kεℓ
sℓ ` 1
.
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By (20) and the fact that Ψj|MzΩj “ idMzΩj , we have
pΨjs ˝ ¨ ¨ ¨ ˝Ψ0qpyq “ pΨjs ˝ ¨ ¨ ¨ ˝Ψj1qpyq P Uℓ for each y P Kℓ.
As Uℓ Ă
Ş
jąjs
pMzΩjq, we conclude
ρpyq “ pΨjs ˝ ¨ ¨ ¨ ˝Ψ0qpyq “ pΨjs ˝ ¨ ¨ ¨ ˝Ψj1qpyq.
It follows that
}ρpyq ´ y}m ă εℓ for each ℓ P N and each y P Kℓ “ ClM pVℓq.
In particular, as tVℓuℓPN is an open covering of M , the composition ρ turns out to be a well-
defined C8 map, which is arbitrarily close to idM in C
0pM,Mq if the values εℓ are chosen small
enough. We may assume in addition
}ρpyq ´ y}m ă εpyq for each y PM . (21)
We claim: ρ maps the open neighborhood
W :“
ď
jPN
pΨj´1 ˝ ¨ ¨ ¨ ˝Ψ0q
´1pW ˚j q ĂM
of X onto X, where Ψj´1 ˝ ¨ ¨ ¨ ˝Ψ0 denotes idM if j “ 0.
Indeed, pick y P W and let j P N be such that y P pΨj´1 ˝ ¨ ¨ ¨ ˝ Ψ0q
´1pW ˚j q. Define z P W
˚
j
by z :“ pΨj´1 ˝ ¨ ¨ ¨ ˝Ψ0qpyq. We have
ρpyq “
`
p¨ ¨ ¨ ˝Ψj`1q ˝Ψj ˝ pΨj´1 ˝ ¨ ¨ ¨ ˝Ψ0q
˘
pyq “ p¨ ¨ ¨ ˝Ψj`1qpΨjpzqq.
As Ψjpzq P ΨjpW
˚
j q “ Xj and ΨkpXjq Ă Xj for each k, we have ρpyq “ p¨ ¨ ¨ ˝ Ψj`1qpΨjpzqq P
Xj Ă X, so we conclude ρpW q Ă X. Thus, the corresponding restriction ρ : W Ñ X is a
well-defined C8 map. By (19) and (21) the restriction ρ|X belongs to U , as required. 
4.B. Immersions of C-analytic sets as singular sets. The following result is a C-analytic
version of Lemma 2.2 in [BR], which is crucial for the proof of Theorem 12. Recall that a
C-analytic set Y Ă Rn is coherent if the ideal Jy (that is, the stalk of the sheaf of ideals
J :“ J pY qC ω
Rn
at y) coincides with the ideal of germs of real analytic functions on Rn whose
zero sets contain the germ Yy for each y P Y .
Lemma 28 (C-analytic sets as singular sets). Let Y be a C-analytic subset of Rn. Denote
px, y1, y2q the coordinates of R
n ˆ R ˆ R “ Rn`2. Then there exists an irreducible coherent
C-analytic subset Z of Rn`2 such that SingpZq “ Y ˆ tp0, 0qu and the restriction to Z of the
projection π : Rn`2 Ñ Rn`1, px, y1, y2q ÞÑ px, y1q is a homeomorphism.
Proof. Let f P C ωpRnq be a global analytic equation of Y and consider the real analytic function
gpx, y1, y2q :“ fpxq
2 ` y21 ´ y
3
2 P C
ωpRn`2q. Define Z :“ tg “ 0u. Given px, y1q P R
n`1, the
formula y2 “ pfpxq
2`y21q
1{3 provides the unique solution to the equation gpx, y1, y2q “ 0. Hence,
π|Z : Z Ñ R
n`1 is a homeomorphism, as required.
Let p :“ pp0, p1, p2q P Z. If p R Z X tfpxq “ 0, y1 “ 0u “ Y ˆ tp0, 0qu, then it is a regular
point of Z, because BgBy2 ppq ‰ 0. As a consequence, the germ Zp is irreducible and coherent.
Suppose now p “ pp0, 0, 0q P Y ˆ tp0, 0qu. Let us prove: The ideal J pZpq of analytic germs
vanishing identically on Zp is generated by g. Consequently, Zp is coherent and
SingpZq “ Z X t∇gpx, y1, y2q “ 0u “ tfpxq “ 0, y1 “ 0, y2 “ 0u “ Y ˆ tp0, 0qu.
After a translation we may assume p “ p0, 0, 0q and we change f by fpx ` p0q (but keep
the notation f to simplify notation). As fp0q “ 0, the convergent series g is a distinguished
polynomial of degree 2 with respect to the variable y1. Pick h P J pZpq and divide it by g using
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Ru¨ckert division theorem. There exist analytic series q P Rtx, y1, y2u and a, b P Rtx, y2u such
that
hpx, y1, y2q “ qpx, y1, y2qgpx, y1, y2q ` apx, y2qy1 ` bpx, y2q. (22)
Changing y1 by ´y1 we obtain
hpx,´y1, y2q “ qpx,´y1, y2qgpx, y1, y2q ´ apx, y2qy1 ` bpx, y2q. (23)
Adding equations (22) and (23), we obtain
hpx, y1, y2q ` hpx,´y1, y2q “
`
qpx, y1, y2q ` qpx,´y1, y2q
˘
gpx, y1, y2q ` 2bpx, y2q.
Observe that Z is symmetric with respect to the variable y1, that is, px, y1, y2q P Z if and only if
px,´y1, y2q P Z. Consequently, hpx, y1, y2q`hpx,´y1, y2q P J pZpq and we deduce that bpx, y2q P
J pZpq. Assume by contradiction that bpx, y2q ‰ 0. Then bpx, y2q P pJ pZpq X Rtx, y2uqzt0u and
by [Rz, II.2.3] the ideal J pZpq has height ě 2. This means that the dimension of the germ Zp
is ď n ` 2 ´ 2 “ n, which is a contradiction because, as Z is homeomorphic to Rn`1, we have
dimpZpq “ n` 1. Thus, b “ 0 and
hpx, y1, y2q “ qpx, y1, y2qgpx, y1, y2q ` apx, y2qy1.
As h, g P J pZpq, we have apx, y2qy1 P J pZpq. Assume by contradiction that apx, y2q ‰ 0. Then
apx, y2q
2fpxq2 ´ apx, y2q
2y32 “ apx, y2q
2gpx, y1, y2q ´ apx, y2q
2y21 P pJ pZpq X Rtx, y2uqzt0u.
Analogously to what we have inferred from the assumption b ‰ 0, we also achieve a contradiction
in this case. We conclude that h “ qg. Thus, J pZpq “ gRtx, y1, y2u, as claimed.
To finish we have to prove: g is irreducible in Rtx, y1, y2u. This means that the ideal J pZpq
is prime and the analytic germ Zp is irreducible. Note that local irreducibility (at each point
p P Z) implies global irreducibility.
As g is a distinguished polynomial with respect to y1, it is enough to prove the irreducibility
of g in Rtx, y2ury1s. As g is a monic polynomial with respect to y1, if it is reducible, there exists
polynomials of degree one y1 ` a1, y1 ` a2 P Rtx, y2ury1s such that g “ py1 ` a1qpy1 ` a2q. If we
make x “ 0, we have
y21 ´ y
3
2 “ gp0, y1, y2q “ py1 ` a1p0, y2qqpy1 ` a2p0, y2qq
“ y21 ` pa1p0, y2q ` a2p0, y2qqy1 ` a1p0, y2qa2p0, y2q,
so a2p0, y2q “ ´a1p0, y2q and y
3
2 “ a1p0, y2q
2, which is a contradiction. Consequently, g is
irreducible in Rtx, y1, y2u, as required. 
4.C. Proof of Theorem 12. Let X Ă Rm be a locally compact set and let Y be a C-analytic
set. We must prove that C8˚ pX,Y q is dense in C
0
˚ pX,Y q. By the second part of Corollary 18,
we can assume X is closed in Rm and Y is a C-analytic subset of some Rn. We assume X is
non-compact. If X is compact the proof is similar, but easier. Denote π : Rn`2 Ñ Rn`1 the
projection onto the first n ` 1 coordinates. By Lemma 28 there exists an irreducible coherent
C-analytic subset Z of Rn`2 such that SingpZq “ Y ˆ tp0, 0qu Ă txn`1 “ 0, xn`2 “ 0u and the
restriction ψ :“ π|Z : Z Ñ R
n`1 is a homeomorphism.
As Z is a coherent analytic subset of Rn`1, then the pair pZ,C ω
Rn`2
|Zq (with the analytic
structure induced by the one of Rn`2) is a (coherent) real analytic space. By [BM2, §13] there
exist a real analytic manifold Z 1 Ă Rq and a proper real analytic map φ : Z 1 Ñ Z such that the
restriction
φ|Z 1zφ´1pSingpZqq : Z
1zφ´1pSingpZqq Ñ ZzSingpZq
is a real analytic diffeomorphism and Y 1 :“ φ´1pSingpZqq “ φ´1pY ˆ tp0, 0quq is an analytic
normal-crossings divisor of Z 1.
Let f P C 0˚ pX,Y q and let ε : X Ñ R
` be a strictly positive continuous function. As X is
non-compact and f is proper, fpXq is unbounded in Rn. In this way, there exists an exhaustion
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tLℓuℓPN of R
n`1 by compact sets such that Lℓ´1 Ĺ IntRn`1pLℓq and pLℓzLℓ´1qXpfpXqˆt0uq ‰ ∅
for each ℓ P N, where L´1 :“ ∅. As Y is closed in R
n`1 and f is proper, Kℓ :“ pf, 0q
´1pLℓ X
pY ˆ t0uqq is a compact subset of X for each ℓ P N. Define the non-empty compact sets
Nℓ :“ Lℓz IntRn`1pLℓ´1q and Hℓ :“ Kℓz IntXpKℓ´1q for each ℓ P N, where K´1 :“ ∅. Note that
X “
Ť
ℓPNHℓ and pf, 0qpHℓq Ă Nℓ for each ℓ P N. Define δℓ :“ minHℓpε{6q ą 0 and choose a
strictly positive continuous function δ : Rn`1 Ñ R` such that maxNℓpδq ď δℓ for each ℓ P N (see
Remark 19). Observe that δ ˝ pf, 0q : X Ñ R satisfies
δ ˝ pf, 0q ď ε{6 on X.
Indeed, maxHℓpδ ˝ pf, 0qq ď maxNℓpδq ď δℓ “ minHℓpε{6q for each ℓ P N.
By Lemma 17 the map
C
0pX,Rn`1q Ñ C 0pX,Rq, g ÞÑ δ ˝ g
is continuous. Thus, there exists a strictly positive continuous function γ : X Ñ R` such that:
if f1 P C
0pX,Rn`1q satisfies }f1 ´ pf, 0q}n`1 ă γ, then |δ ˝ f1 ´ δ ˝ pf, 0q| ă ε{6. In particular,
δ ˝ f1 ă ε{3 on X. (24)
Consider the proper surjective map ψ ˝ φ : Z 1 Ñ Rn`1, which satisfies pψ ˝ φqpY 1q “ Y ˆ t0u.
Denote pψ ˝ φq1 : Y 1 Ñ Y ˆ t0u the restriction of ψ ˝ φ from Y 1 to Y ˆ t0u. Using Lemma 17
again we deduce that the map
C
0pY 1, Y 1q Ñ C 0pY 1, Y ˆ t0uq, g ÞÑ pψ ˝ φq1 ˝ g
is continuous. Let ζ : Y 1 Ñ R` be a strictly positive continuous function such that: if g P
C 0pY 1, Y 1q satisfies }g ´ idY 1}q ă ζ, then }pψ ˝ φq
1 ˝ g ´ pψ ˝ φq1 ˝ idY 1}n`1 ă δ ˝ pψ ˝ φq
1. By
Proposition 27 there exists an open neighborhood W Ă Z 1 of Y 1 and a C8 weak retraction
ρ : W Ñ Y 1 such that }ρ|Y 1 ´ idY 1}q ă ζ, so }pψ ˝ φq
1 ˝ ρ|Y 1 ´ pψ ˝ φq
1 ˝ idY 1}n`1 ă δ ˝ pψ ˝ φq
1.
Define the open neighborhood W 1 ĂW of Y 1 by setting
W 1 :“
 
z P W : }pψ ˝ φqpρpzqq ´ pψ ˝ φqpzq}n`1 ă δppψ ˝ φqpzqq
(
.
Consider the closed subset C 1 :“ Z 1zW 1 of Z 1, which does not meet Y 1 “ pψ ˝ φq´1pY ˆ t0uq.
As ψ ˝φ : Z 1 Ñ Rn`1 is proper, C :“ pψ ˝φqpC 1q is a closed subset of Rn`1, which does not meet
Y ˆ t0u. Let η : Y ˆ t0u Ñ R` and η1 : X Ñ R` be the strictly positive continuous functions
given by
ηpy, 0q :“ distRn`1ppy, 0q, Cq{2 if y P Y and η
1 :“ η ˝ pf, 0q.
Define the strictly positive continuous function ξ : X Ñ R` as ξ :“ mintγ, η1, ε{3u{2. The map
f 1 :“ pf, ξq : X Ñ Rn`1 satisfies
}f 1 ´ pf, 0q}n`1 “ ξ ă mintγ, η
1, ε{3u ď
ε
3
(25)
and δ ˝ f 1 ă ε{3 on the whole X (see (24)). Consider the continuous function
f2 :“ φ|´1
ZzptY uˆtp0,0quq ˝ ψ
´1|Rn`1ztxn`1“0u ˝ f
1 :
X Ñ Rn`1ztxn`1 “ 0u Ñ ZzptY u ˆ tp0, 0quq Ñ Z
1zY 1
and observe that f 1pxq “ pψ ˝ φqpf2pxqq for each x P X.
We claim: f2pXq ĂW 1.
If x P X, then pψ ˝ φqpf2pxqq “ pfpxq, ξpxqq. Thus,
}pψ ˝ φqpf2pxqq ´ pfpxq, 0q}n`1 “ ξpxq ď η
1pxq ă distRn`1ppfpxq, 0q, Cq,
so pψ ˝ φqpf2pxqq R C. Consequently, f2pxq R C 1 “ Z 1zW 1, that is, f2pxq PW 1.
In addition, we have:
}pψ ˝ ψqpρpf2pxqqq ´ f 1pxq}n`1 ă
εpxq
3
for each x P X. (26)
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Indeed, pick x P X. As f2pxq PW 1 and pδ ˝ f 1qpxq ă εpxq{3, it holds
}pψ ˝ ψqpρpf2pxqqq ´ f 1pxq}n`1 “ }pψ ˝ ψqpρpf
2pxqqq ´ pψ ˝ ψqpf2pxqq}n`1
ă δppψ ˝ φqpf2pxqqq “ pδ ˝ f 1qpxq ă
εpxq
3
.
The following commutative diagram summarizes the situation we have achieved until the
moment.
W 1
ρ

 u
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
Y 1
  //
φ

Z 1
φ

Y ˆ tp0, 0qu “ SingpZq
ψ

  // Z 
 //
ψ &&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
R
n`2
π

Y ˆ t0u 
 // Rn`1
ψ´1
ff▼▼▼▼▼▼▼▼▼▼▼▼▼
X
pf,0q
OO
f 1:“pf,ξq
//
f2
::
R
n`1ztxn`1 “ 0u
?
OO
φ|´1
ZzSingpZq
˝ψ´1|
Rn`1ztxn`1“0u
oo
Proceeding as in Step I of the proof of Theorem 5, we deduce that there exists an open
neighborhood U Ă Rm of X and a continuous extension F 2 : U Ñ Z 1 of f2. The inverse image
U0 :“ F
2´1pW 1q is an open neighborhood of X in U and the restriction, F 2|U0 : U0 Ñ W
1 is a
continuous map between the real analytic manifolds U0 and W
1. We substitute U by U0 and
F 2 by F 2|U0 , but we keep the original notation to ease the writing. Let H0 : U ÑW
1 be a real
analytic map arbitrarily close to F 2 in C 0pU,W 1q, which exists by Whitney’s approximation
theorem. The restriction h0 :“ H0|X : X Ñ W
1 is a real analytic map arbitrarily close to f2 in
C 0pX,W 1q. Consider the C8 map h : X Ñ Y such that ph, 0q :“ pψ ˝ φq1 ˝ ρ|W 1 ˝ h0. As the
map
C
0pX,W 1q Ñ C 0pX,Y q, g ÞÑ pψ ˝ φq1 ˝ ρ|W 1 ˝ g
is continuous, we may assume
}phpxq, 0q ´ pψ ˝ φq1pρpf2pxqqq}n`1 ă
εpxq
3
for each x P X. (27)
Given any x P X we deduce by (25), (26) and (27),
}hpxq ´ fpxq}n “ }phpxq, 0q ´ pfpxq, 0q}n`1 ď }phpxq, 0q ´ pψ ˝ φqpρpf
2pxqqq}n`1
` }pψ ˝ φqpρpf2pxqqq ´ f 1pxq}n`1 ` }f
1pxq ´ pfpxq, 0q}n`1 ă
εpxq
3
`
εpxq
3
`
εpxq
3
“ εpxq
Thus, we have found a C8 map h : X Ñ Y that is arbitrarily close to f . In the same vein
of [H3, Thm. II.1.5] one easily shows that C 0˚ pX,Y q is an open subset of C
0pX,Y q, so we can
assume that h is in addition proper, as required. 
Remark 29. In the preceding proof we have used that the continuous map f : X Ñ Y Ă Rn, we
want to approximate, is proper exactly when we need to find for a strictly positive continuous
function ε : X Ñ R` another strictly positive continuous function δ : Rn`1 Ñ R` such that
δ ˝ pf, 0q ă ε{6. ‚
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